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APPENDIX A

Technical details for model space search

Likelihood maximization for models in M is usually fast and robust for large datasets and the dominant
model in the orbit m, αm , can be obtained using the following hybrid algorithm that contains an initial
deterministic, and a second, stochastic, phase. The deterministic phase starts with a model, α0 say, in the
(m − 1)th orbit Om−1 and searches for the one additional covariate that provides the largest increase in
the likelihood. The model obtained by attaching the newly identified covariate to the model from orbit
m − 1 is used to initiate the stochastic search. The stochastic search selects at random one covariate in U
that is already in the model, Ui say, and one that is not, U j say, and constructs a new model, α1 say, by
replacing Ui by U j . The new model becomes the current model with probability p0→1 = min (1, L1/L0),
where L0 and L1 are the maximum likelihoods of the models α0 and α1 respectively. Otherwise a new
pair of covariates is simulated and the procedure is iterated. This algorithm is fast because at every step
it requires at most one likelihood calculation for each model proposed to be visited. By keeping records
of the maximum likelihood for each model previously proposed, the likelihood of a new model is often
known and the model does not need to be refitted.

APPENDIX B

Proofs

Proof of Theorem 1. (i) |β̂ AU
n − β∗| � |β̂ AU

n − β̂αF
n | + |β̂αF

n − β∗| < ε/hn + |β̂αF
n − β∗|. This shows

that β̂ AU
n is consistent.

(ii) Note that β̂Wn → ∑
α w(α)βα = ∑

α∈I w(α)βα + ∑
α∈I C w(α)βα almost surely under α∗. If

we write β∗ = ∑
α∈I w(α)β∗ + ∑

α∈I C w(α)β∗, the asymptotic bias of β̂Wn is
∑

α∈I w(α)βα −∑
α∈I w(α)β∗.
(iii) By construction, v̂n(α̂AU

n ) � v̂n(αF ), which implies that lim supn→∞{nv̂n(α̂AU
n )}

� lim supn→∞{nv̂n(α̂F )} = v(αF ). Under standard regularity assumptions hn(β̂α0
n − β∗) → 0 al-

most surely. Let Ah be the convergence set and denote by Aα0 and AαF the convergence sets for nv̂n(α0)
and nv̂n(αF ) respectively.

For every ω ∈ Ah there exists Nω,ε , such that, for every n � Nω,ε , we have hn|β̂α0
n − β∗| < ε. Thus,

for every n � Nω,ε , α0 is one of the models in the set over which the minimum is taken in α̂AU
n =

arg min{v̂n(α) : |β̂α
n − β̂αF

n | < ε/hn}. Thus, nv̂n(α̂AU
n ) � nv̂n(α0) and, for every ω ∈ Ah ∩ Aα0 ∩ AαF ,

lim supn→∞{nv̂n(α̂AU
n )} � v(α0) < v(αF ). �

Proof of Theorem 2. We show first that for every model α such that α∗ ⊂ α we have
limn→∞ wn(α∗)/wn(α) = ∞. Indeed, wn(α∗)/wn(α) = exp[log{ρ(α∗)/ρ(α)} + (pα − pα∗ ) log(n)/2],
where ρ(α) and pα denote the maximum likelihood and the number of parameters for model α,
respectively. The result follows because −2 log{ρ(α∗)/ρ(α)} converges weakly to a χ2 distribution with
pα − pα∗ degrees of freedom under the true model, α∗.

We now show that limn→∞ wn(α∗∗)/wn(α∗) = ∞ under the true model α∗. Denote by θ1 the true
parameter vector under α∗ and construct θ0, the vector obtained from θ1 by setting to zero the entries
corresponding to variables in S. Then we can write θ1 = θ0 + n−1/2e1, where e1 is a vector with all entries
equal to zero with the exception of positions corresponding to variables in S. For the variable Um in S its
corresponding entry in e1 is cm . Note that

wn(α∗∗)/wn(α∗) � exp[log{ρ(θ0, σ̂ε)/ρ(α∗)} + (pα∗ − pα∗∗ ) log(n)/2],

where ρ(θ0, σ̂ε) is the likelihood of model α∗ evaluated at θ0 and σ̂ε , the maximum likelihood estimator
of σε under model α∗. It is enough to prove that log{ρ(θ0, σ̂ε)/ρ(α∗)} converges weakly to a random
variable. Consider the following matrix format of the model α∗, Y = �λ + Uδ + ε, where λ contains all
parameters that do not depend on n and δ contains all the parameters corresponding to variables in S. Let
W = [� | U ] and δ = cn−1/2, where c is a fixed parameter vector. Denote by θ̂n the maximum likelihood
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estimator of θ1 under model α∗ and note that ρ(α∗) = ρ(θ̂n, σ̂ε), θ1 = (λ, cn−1/2) and θ̂n = (λ̂, ĉn−1/2).
Then

log{ρ(θ0, σ̂ε)/ρ(θ̂n, σ̂ε)} = −0·5(θ0 − θ̂n)t (W t W )(θ0 − θ̂n)/σ̂ 2
ε ,

and

n1/2(θ̂1 − θ1) = n1/2(W t W )−1W t (Y − �λ − Ucn−1/2),

which is distributed as N {0, nσ 2
ε (W t W )−1}. Under the standard assumption that n(W t W )−1 → �−1 it fol-

lows that n1/2(θ̂1 − θ1) converges weakly to N (0, σ 2
ε �−1). Because θ0 − θ̂n = n−1/2{n1/2(θ1 − θ̂n) − e1}

it follows that, under α∗, log{ρ(θ0, σ̂ε)/ρ(θ̂n, σ̂ε)} converges weakly to −0·5(X − �1/2e1/σε)t (X −
�1/2e1/σε). Here �1/2 is the unique positive square root of �, X ∼ N (0, Ip∗ ) and p∗ is the number
of parameters in the true model, α∗. �
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