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APPENDIX A

Technical details for model space search

Likelihood maximization for models in M is usually fast and robust for large datasets and the dominant
model in the orbit m, «,,, can be obtained using the following hybrid algorithm that contains an initial
deterministic, and a second, stochastic, phase. The deterministic phase starts with a model, o say, in the
(m — 1)th orbit O,,_; and searches for the one additional covariate that provides the largest increase in
the likelihood. The model obtained by attaching the newly identified covariate to the model from orbit
m — 1 is used to initiate the stochastic search. The stochastic search selects at random one covariate in U
that is already in the model, U; say, and one that is not, U; say, and constructs a new model, o say, by
replacing U; by U;. The new model becomes the current model with probability pg_.; = min (1, L1/Ly),
where Ly and L; are the maximum likelihoods of the models «y and «; respectively. Otherwise a new
pair of covariates is simulated and the procedure is iterated. This algorithm is fast because at every step
it requires at most one likelihood calculation for each model proposed to be visited. By keeping records
of the maximum likelihood for each model previously proposed, the likelihood of a new model is often
known and the model does not need to be refitted.

APPENDIX B
Proofs

Proof of Theorem 1. (i) |BAV — B*| <|BAV — Bor| + |82 — B*| < €/ h, + |B%F — B*|. This shows
that B4V is consistent.

(i) Note that By, — 3, w(@)B® = Y ower W@)BY + > e w(@)B® almost surely under o*. If
we write B* =), w(@)B*+ > ,cc w(@)p*, the asymptotic bias of By, s Y ower we@)B* —
D wes W@)B”

(i) By construction, 0,(@&2Y)<d,(ar), which implies that limsup,_, . {#?,(@2Y)}
<lim sup,_, o {n0,(@r)} = v(ar). Under standard regularity assumptions h,,(,é;"“ —B*)— 0 al-
most surely. Let 4”7 be the convergence set and denote by 4% and A% the convergence sets for n9,(ct)
and n,(ar) respectively.

For every w € A" there exists Ngy.e, such that, for every n > N, ., we have h,,|,1‘:’,‘1"0 — B*| < €. Thus,
for every n > N, ., oy is one of the models in the set over which the minimum is taken in &‘:‘U =
arg min{v,(«) : |,4§,‘1" — ,3;’,‘” < €/hy}. Thus, n?,(@2Y)<ni,(ap) and, for every w € A" N A% N 4%,
lim sup,,_, . {n9,(@2Y)} <v(e) < v(ap). O

Proof of Theorem 2. We show first that for every model « such that o C o we have
limy, , o0 W (a®)/wa(a) = 00 Indeed, wn(a®)/wa(a) = exp[log{p(a®)/p(@)} + (Pa — Pa)log(n)/2],
where p(a) and p, denote the maximum likelihood and the number of parameters for model «,
respectively. The result follows because —2 log{p(a*)/p(x)} converges weakly to a x2 distribution with
P — Do+ degrees of freedom under the true model, a*.

We now show that lim,,_, o w,(a**)/w,(a*) = co under the true model «*. Denote by 6; the true
parameter vector under «* and construct 6y, the vector obtained from 6, by setting to zero the entries
corresponding to variables in S. Then we can write 8, = 6y + n~'/2e;, where e, is a vector with all entries
equal to zero with the exception of positions corresponding to variables in S. For the variable U, in S its
corresponding entry in e; is ¢,,. Note that

wa(o™)/wn(e”) = expllog{p(bo, 6c)/ p(a*)} + (Por — par) log(n)/2],

where p(6y, 6¢) is the likelihood of model o* evaluated at 8y and 6., the maximum likelihood estimator
of o, under model «*. It is enough to prove that log{p(6y, 6¢)/p(a*)} converges weakly to a random
variable. Consider the following matrix format of the model «*, ¥ = AX 4+ U§ + €, where A contains all
parameters that do not depend on » and § contains all the parameters corresponding to variables in S. Let
W =[A | Uland § = cn~'/2, where c is a fixed parameter vector. Denote by 6, the maximum likelihood
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estimator of 6; under model o* and note that p(a*) = p(6,, 6¢), 61 = (A, cn='/?) and 6, = (&, én~1/2).
Then

log{p(80, )/ p(6n, )} = —=0-5(60 — 0, (W' W)(6 — 6,)/67,

and

n'20, — 6)) = n" AW W)WY — A — Uen™'?),

which is distributed as N {0, no2 (W' W)~'}. Under the standard assumption that n(W'W)~! — £~! it fol-
lows that n'/2(9; — 6,) converges weakly to N(0, 02X ~"). Because 6y — 6, = n~"*{n'/2(0, — 6,) — e}
it follows that, under o*, log{p(6o, 6¢)/p(6y, 6c)} converges weakly to —0-5(X — £!/2e; /o) (X —
!2¢;/0.). Here £'/? is the unique positive square root of £, X ~ N(0, /,+) and p* is the number
of parameters in the true model, o*. g
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