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ABSTRACT

Two-dimensional Monte Carlo simulation can be used to estimate the variability and uncertainty
of emissions of urban air toxics for use in human exposure and risk analysis. The key stepsin the two-
dimensional approach include fitting a parametric distribution to data representing variability in
emissions, and to use a method such as bootstrap simulation to estimate uncertainty in average emissions
and regarding other statistics of the distribution. Many emission factors for urban air toxics contain
severa values reported only as below detection limit. Such data sets are referred to as "censored.” To
analyze the variability and uncertainty of censored data sets, empirical bootstrap simulation was used
first to get bootstrap samples from the censored data sets. In the bootstrap simulation, randomly samples
values from the original data set that were below the detection limit are treated as non-detected valuesin
the bootstrap samples. A parametric probability distribution was fit to each bootstrap sample. The
parameters of the distribution were estimated using Maximum Likelihood Estimation (MLE), which is
asymptotically unbiased when applied to censored data sets. The use of MLE allows for a distribution to
be fit to the entire domain of the emission factor, including estimation of the portion of the distribution
that is below the detection limit. Typically, 500 bootstrap samples and distributions were generated.
From the 500 alternative distributions, sampling distributions for uncertainty in any statistic can be
calculated, such as for the mean. The method isillustrated with two case studies. In one case study, the
detection limit was varied and the sensitivity of the results was evaluated. In a second case study, the
method was applied to an empirical data set for arsenic emissions from a combustion source. The
results show that with more censoring, the uncertainty of the non-detected portion of the fitted
distribution increases but the range of uncertainty in the mean does not increase as much. For the
empirical data set, the data contain multiple detection limits. The uncertainty of the mean for the arsenic
emission factors was found to be -91% to +260%. Future work to further demonstrate this technique for
dealing with censored data is recommended.

Keywords: Urban air toxics, Censored data sets, Maximum likelihood estimation, Empirical bootstrap
simulation

INTRODUCTION

Toxic air pollutants pose human health risks in urban areas. The U.S. Environmental Protection
Agency has developed an Integrated Urban Air Toxic Strategy, which includes aframework for
addressing urban air toxics emissions. EPA developed alist of 33 urban air toxics, which represent the
priority for additional assessment of the health effects of air toxics in urban areas.’

Air toxic emissions are subject to both variability and uncertainty. Variability refersto diversity
or heterogeneity among members of population. For example, emissions of a particular pollutant
typically differ from one specific emission source to another within a given source category.
Uncertainty arises due to lack of knowledge regarding the true value of a quantity or regarding the true
distribution for variability. Variability and uncertainty can both be represented as probability
distributions in a two-dimensional modeling framework.? For example, confidence intervals can be
constructed with respect to a best estimate of the cumulative distribution function (CDF) for variability.
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The range of the confidence intervals for the CDF represent uncertainty. Information regarding
variability in urban air toxic emissions is needed to identify high emitters or highly exposed populations.
Information regarding uncertainty is needed to characterize the quality of an emissions inventory and to
target data collection to reduce uncertainty.

Because of inherent limitations of chemical/analytical measurement methods, emissions data sets
often contain several observations reported as below detection limit, which are usually referred to as
“censored” . For example, data sets for emission factors of urban air toxics are often reported as
censored with asingle detection limit or with multiple detection limits. Multiple detection limits arise
when data are collected by different sasmpling and analytical procedures or when data are collected with
different gas sampling volumes.

Commonly used methods for dealing with environmental data sets that contain detection limits
are statistically biased and are limited in their usefulness. Such methods are typically aimed only at
developing an estimate of the mean of the data set. The several methods most often used include
ignoring the non-detected values, replacing non-detected values with zero, replacing non-detected values
with the detection limit (DL) or replacing non-detected values with one-half of the detection limit. All
these methods cause biased estimation of the mean. Furthermore, they do not provide insight regarding
the population distribution from which the measured data are a sample.

In contrast to commonly used methods, Maximum Likelihood Estimation (MLE) can be used to
fit parametric distribution to censored data sets, including to the portion of the distribution that is below
detection limit. Asymptotically unbiased estimates of statistics, such as the mean, can be estimated
based upon the distribution fitted using MLE to censored data. The MLE approach enables a point
estimate of a statistic such asthe mean. In order to estimate uncertainty in the statistic, the method of
bootstrap simulation is employed in this work.

The objectives of this paper are: (1) to fit parametric distributions using MLE to censored data
sets; and (2) to quantify variability and uncertainty for censored data sets using empirical bootstrap
simulation. The methods are tested based upon synthetic data sets, and then are applied to an example
emission factor data set. A comparison of the results for the mean based upon the MLE estimate of the
fitted distribution with conventional approaches for dealing with non-detects when estimating the mean
isprovided. Recommendations are made regarding future application of the MLE-based technique for
dealing with censored data sets.

COMPARISON OF METHODSUSED TO ANALYZE ENVIRONMENTAL CENSORED DATA
SETS

Bharvirkar® reported that there have studies of methods for estimating the parameters of
probability distributions fitted to a censored data set. However, there have been few studies for the
application of these methods to environmental data for which parametric distributions are unknown and
for which sample sizes are typically small.

Hass and Scheff> have compared various methods described in the environmental science and
engineering literature for estimation of means of censored data belonging to normal distributions. The
following methods were indicated as the most commonly used ones:

Using values only above DL to calculate a mean value, and ignoring information regarding non-

detects;

Replacing values below DL with zero, which leads to an underestimate of the true mean;

Replacing values below DL by DL/2, which leads to an approximate but biased estimate of the

true mean;



Replacing values below DL by DL, which leads to an approximate but biased estimate of the true
mean;

Maximum likelihood estimation, which is bias-corrected.
Newman et al.® compared the five methods mentioned above. They conclude that the first four
techniques, listed above, produce biased estimate of both the mean and variance. The bias worsens as
the amount of censoring increases. MLE estimates were found to be easier to develop and more accurate
compared to other methods. Similar comparative studies have also been conducted by Gilliom and
Helsel” with similar results regarding the methods listed above.

MLE PARAMETER ESTIMATES FOR CENSORED LOGNORMAL AND GAMMA
DISTRIBUTIONS

For environmental data sets, such as concentrations or emission factors, lognormal and gamma
distribution are often chosen as parametric distribution to represent variability in data. Therefore, in this
paper, lognormal and gamma distribution are used to illustrate and evaluate the M L E-based method for
fitting parametric distributions to censored data.

The lognormal distribution is defined by the following probability distribution function®
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The gamma distribution is defined by the following probability distribution function®
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where 0£ x<¥, a,b >0. Inthispaper, a isdefined as parameter 1 and b is defined as parameter 2.

The MLE technique is applicable to data sampled from various distributions and it is easily
implemented in a computer program. The most general formulation of the likelihood function for
censored data sets having detection limitsiis: *
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where,
= Detected data point, where, i =1, 2, ¥4, n

q.d,.,...,0, =Parameters of the distribution

NDp, = Number of non-detects corresponding to detection limit DL, where, m=1, 2, %, P.

p = Number of detection limits

f = Probability density function

F = Cumulative distribution function
In essence, the likelihood of each detected data point isincluded in the likelihood function. For data
that are below detection, the cumulative probability of the detection limit isused in lieu of the
likelihood.

For computational convenience, it is more common to work with the log-likelihood function
instead of the likelihood function itself. For the lognormal distribution, the log-likelihood function
including censored datais:
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wherem=mean, s = standard deviation of the log-transformed data.

For the gamma distribution, the log-likelihood function including censoring is given by:
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wherea = shape parameter, b =scale parameter.

A non-linear programming optimization algorithm was used to maximize the log-likelihood
functions of (4) and (5). Computer subroutines by Press et al. were used for optimization and for
evaluation of the various special functions required in some of the log-likelihood functions, such asthe
gamma function, error function, and beta function.**°

ESTIMATION OF UNCERTAINTY IN STATISTICSUSING BOOTSTRAP SSIMULATION

Parametric bootstrap simulation is widely used to estimate confidence intervals for statistics of
data sets or parameters of fitted distributionsin cases without censoring.?  In conventional parametric
bootstrap simulation, a parametric probability distribution isfit to the original data set, which hasa
sample size of n. Monte Carlo simulation is used to randomly simulate synthetic data sets, referred to as
bootstrap samples, each of samplesizen. Typicaly, B bootstrap samples are smulated. For each
bootstrap sample, areplication of agiven statistic is calculated. For example, one can obtain B estimates
of the mean, standard deviation, or distribution parameters. The numerical value of each replication of a
statistic will differ from that of other replications because of the effect of random sampling when
comparing one bootstrap sample with another. The B estimates of a statistic are used to describe a
probability distribution for the statistic. A probability distribution for a statistic is also referred to as a
sampling distribution. The sampling distribution is used as the basis for estimating confidence intervals.
For example, the 95 percent confidence interval for the mean is based upon the interval between the 2.5™
and 97.5" percentiles of the sampling distribution for the mean.

In the case of a censored data set, the conventional approach to parametric bootstrap simulation
cannot be directly applied. Specifically, it is necessary to generate bootstrap samples so that there can
be random variation in the number of data points that are below detection limit. In order to do this, an
empirical bootstrap approach isused. In empirical bootstrap simulation, each of the original n data
points are sampled with replacement and with equal probability of being sampled. In the origina data
set, either the value of the data point is given for detected data or the detection limit is given for the
censored data. Therefore, for each point in the data sets, an indicator symbol d isgiven to indicate
whether it is a detected value or below a detection limit. A value of d equal to 1 was used to represent a
data point below a detection limit and d equal to 0 was used to represent a detected data point. Inthe
case of non-detected data, the numerical value of the data point used in the bootstrap simulation was the
detection limit itself. When generating bootstrap samples from the original censored data set, both the
data point value and its indicator symbol were sampled together. Therefore, for each bootstrap sample, it
is known as to which data points are detected and which data points are censored. For each sampled
bootstrap sample, MLE was used to fit a parametric distribution. Thus, B estimates of the distribution
parameters and of the fitted distributions were developed. In thisanalysis, B=500. For each alternative
fitted distribution, 500 values of the mean and standard deviation are simulated by generating 500
random samples from each of the 500 distributions fitted to the 500 bootstrap samples. The mean and



Figure 1. Scheme of Quantification of Uncertainty and Variability for Censored Data Sets
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standard deviation are estimated from the 500 random samples generated from each fitted distribution.
The overall scheme of the bootstrap simulation method for censored datais described in Figure 1.

TESTING AND EVALUATION OF THE BOOTSTRAP METHOD FOR QUANTIFYING
UNCERTAINTY IN THE STATISTICS OF CENSORED DATA SETS

The bootstrap sampling method was tested by application to synthetic data setsin order to
evaluate how the method performed. For this purpose, 20 data points were randomly generated from a
gamma distribution with a mean equal to 1 and a standard deviation equal to 1. The samplesin the
randomly generated data set were ranked in ascending order. Different detection limits were assigned to
the synthetic data set in order to achieve different amounts of censoring. For example, a detection limit
of 0.4375 was assigned in order to obtain 30% censoring, resulting in 6 points out of 20 below the
detection limit. A detection limit of 0.8127 was assigned in order to get 60% censoring in which 12
points out of 20 data points were below the detection limit. However, all of the synthetic data sets have
the same numerical values of the detected data.

Table 1 summarizes the results for fitting of Gamma and Lognormal distributions to the
uncensored and censored data sets based upon the synthetic data set. The parameters were estimated
using MLE based upon Equations (4) and (5) for the lognormal and gamma distributions, respectively.
For both the lognormal and gamma distributions fitted to the data, the parameter values change as the
amount of censoring changes. Thisis because with additional censoring, there are fewer data points
available from which to estimate the likelihood function.



Table 1. Results of the Parameter Estimation and the Statistics of the Fitted Distribution for Synthetic

Data Sets
Distribution Gamma Distribution Lognormal Distribution
Censoring 0% 30% 60% 0% 30% 60%
Percentage
Parameter 1 1.253 1.097 0.814 -.434 -.390 -.355
Parameter 2 0.812 0.922 1.204 0.998 0.936 0.955

The results for fitting of parametric distributions to the synthetic data set are shown in Figure 2
for the case of afitted gamma distribution and no censoring. The fitted distribution is depicted as a
dashed line. The apparent clustering of the synthetic datais arandom artifact. The confidence intervals
for the fitted distribution were estimated using bootstrap simulation. Of the 20 data points, 13 are
enclosed by the 50 percent confidence interval, 19 are enclosed by the 90 percent confidence interval,
and all 20 are enclosed by the 95 percent confidence interval. Therefore, the gammadistribution isa
reasonabl e fit to the datain this case.

The results for fitting of a gamma distribution to the synthetic data set with 30 percent censoring
are shown in Figure 3. The detection limit is shown by a vertical dashed line. Below the detection limit,
no data values are shown. Above the detection limit, the datavalues arethe same asin Figure 2. The
fitted distribution in Figure 3 appears to be very similar to that as in Figure 2 even though the parameter
values are somewhat different as shown in Table 1. However, it is also noticeable that the range of
uncertainty, as reflected by the confidence interval of the fitted distribution, is larger for values of the
random variable below the detection limit, as revealed by a comparison of the lower end of the
distribution in Figure 3 with that in Figure 2. Thus, as expected, there is more uncertainty regarding the
estimate of the portion of the distribution that is below detection than there would be if al of the data
had been detected.

Figure 4 further emphasizes the increase in uncertainty in the fitted distribution associated with
an increase in the amount of censoring. With 60 percent of the 20 samples below detection, the
confidence intervals for uncertainty in the portion of the distribution that is below detection are
noticeably wider than for Figure 3 or for the uncensored case in Figure 2. It is also apparent that the
fitted distribution agrees well with the data that are above detection limit.

Similar results were obtained based upon fitting of alognormal distribution to the 0%, 30%, and
60% censoring cases as shown in Figures 5, 6, and 7, respectively. Because all of the data are enclosed
by the 95 percent confidence interval, and more than half of the data are enclosed by the 50%
confidence interval, it can be concluded from Figure 5 that the lognormal distribution is a reasonable fit
to thisdata set. For the censored cases, the fitted distribution agrees well with the data above the
detection limit, and the range of uncertainty in the cumulative distribution function at the lower end of
the distribution increases with more censoring.

The mean values and the 95 percent confidence intervals for the mean are compared for 0%,

30%, and 60% censoring for both the gamma and lognormal distributionsin Table 2. For the gamma
distribution, the estimated mean value is approximately 1.1 for al three cases. Thereisrelatively good
agreement regarding the mean value because the mean is influenced far more by the upper tail of the
distribution, which is above the detection limit in all cases, than by the lower tail of the distribution. The
95 percent confidence interval of the mean is approximately 0.6 to 1.7 in al three cases. Although there
is some variation in the estimate of the 95 percent confidence interval of the mean among the three
cases, when rounded to one or two significant figures the results are comparable. These resultsillustrate
that it is possible to obtain robust estimates of the mean and of the 95 percent confidence interval for the
mean using the ML E/bootstrap technique even when there is substantial censoring.
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Table 2. Results of the Uncertainty of the Mean

Distribution Gamma Distribution Lognormal Distribution

Censoring Percentage 0% 30% 60% 0% 30% 60%

Mean of B&Ogap Sample |4 o5 1063 | 1100 | 1013 | 1.003 | 0972

2.5 Percentile of Mean 0.641 0.652 0.609 0.646 0.625 0.509

97.5 Percentile of Mean 1.735 1.692 1.714 1511 1.527 1.516

Width of 95% of C.I. 1.094 1.040 1.104 0.866 0.902 1.007

Figure 2. Variability and Uncertainty for Gamma Distribution Fitted to Synthetic Data Set with No
Censoring
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Figure 3. Variability and Uncertainty for Gamma Distribution Fitted to Synthetic Data Set with 30
Percent Censoring
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Figure 4. Variability and Uncertainty for Gamma Distribution Fitted to Synthetic Data Set with 60
Percent Censoring

O DataSet
— — Fitted Distribution
Confidence Interval
[ 50 percent
[ 90 percent
[] 95 percent
- -—- DetectionLimt

Cumulative Probability

T T T T
5 6

Value of Random Variable



Figure 5. Variability and Uncertainty for Lognormal Distribution Fitted to Synthetic Data Set with No

Censoring
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Figure 6. Variability and Uncertainty for Lognormal Distribution Fitted to Synthetic Data Set with 30

Percent Censoring
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Figure 7. Variability and Uncertainty for Lognormal Distribution Fitted to Synthetic Data Set with 60

Percent Censoring
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For the lognormal distribution, the resultsin Table 2 also illustrate substantial agreement
regarding the estimate of the mean and of the 95 percent confidence interval for the mean among the
three cases considered. The mean value is approximately 1.0 in all three cases. The 95 percent
confidence interval for the mean is approximately 0.6 to 1.5 in all three cases, with the exception that the

8



range of the 95 percent confidence interval iswider for the case with the most censoring. In general, it
is expected that the range of uncertainty should increase as the amount of censoring increases. The
results given here illustrate that the MLE/bootstrap method for dealing with censored data sets provides
reasonable and robust estimates of the mean and of uncertainty in the mean.

For the gamma distribution with 30% censoring, different methods as addressed previously were
compared in terms of the estimate of the mean value. The mean value is estimated to be 1.352 if just
considering detected values, 0.947 if replacing values below DL with zero, 1.012 if replacing values
below DL with DL/2 and 1.078 if replacing values below DL with DL. Comparing with the
asymptotically unbiased mean of 1.063 using the MLE method, the mean appears to be underestimated
for al cases except when the non-detects are replaced with the DL, in which case the mean is over-
estimated. However, akey point is that the approximately methods are not only biased, but they cannot
be used to devel op estimates of uncertainty in the mean.

CASE STUDY FOR ESTIMATION OF VARIABILITY AND UNCERTAINTY IN AN
EMISSION FACTOR BASED UPON CENSORED DATA

As an example of an emission factor data set that contains censoring, a data set for arsenic
emissions from combustion sources was selected. The data set contains 29 data points, of which 3 are
censored. Each of the three censored data points has a different detection limit. There are 12 data
values that are greater than the largest of the three detection limits. There are no detected data points
that are smaller than the smallest of the three detection limits. There are three detected data val ues that
are greater than the smallest detection limit but smaller than the second largest detection limit. There are
11 detected data values that are larger than the second detection limit but smaller than the third detection
limit. Thus, there is uncertainty regarding what value of cumulative probability to assign to the total of
14 detected data points that are less than the largest detection limit. For example, the true but unknown
values of the three non-detected data points could all be less than the numerical value of the smallest
detection limit, which would imply that the smallest detected data point could have arank of 4.
However, it is also possible that the smallest detected data value could have arank of 2 because this data
point has a value greater than the smallest detection limit. Therefore, the true but unknown value of the
data point below the smallest detection limit must be less than the value of the smallest detected data
point. The uncertainty regarding the rank of the detected data pointsisindicated by vertical lines
representing each detected data point in Figure 10. For the 12 valuesthat are larger than the largest
detection limit, there is no uncertainty regarding the cumulative probability in these cases.

A lognormal distribution was fitted to the arsenic emission factor data set using MLE and taking
into account that there were three non-detected data with three different detection limits. The fitted
distribution is shown as the white dashed line in Figure 10. The white dashed line agrees reasonably
well with the observed data, taking into account uncertainty regarding the cumulative probability of the
detected values that have smaller values than the largest detection limit. The 95 percent confidence
interval on the fitted distribution encloses al of the detected values, and approximately one half of the
data are enclosed by the 50 percent confidence interval.

The detected arsenic emission factor data vary over almost four orders-of-magnitude. Therefore,
thereis alarge amount of uncertainty in the mean val ue associated with the small sample size, large
amount of variability in the data, and the presence of non-detected measurementsin the data set. The
mean estimated based upon the lognormal distribution fitted to the data using MLE was found to be
8.24. The 95 percent confidence interval for the mean ranges from minus 91 percent to plus 264 percent
of the mean value. The asymmetric of this confidence interval is based upon the large amount of
variability in the data, the relatively small sample size, and the fact that an emission factor must be non-
negetive.



Figure 10. Variability and Uncertainty in the Arsenic Emission Factor for a Combustion Source
Estimated Based Upon a Lognormal Distribution Fitted to Data Containing Three Non-Detects with
Three Different Detection Limits
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CONCLUSIONS

In this paper, a statistically rigorous method for fitting parametric distributions to censored data
sets using Maximum Likelihood Estimation has been described that can be applied to multiply censored
data and to data containing a large amount of censoring. The parametric distributions represent
variability within the data set. The MLE method is asymptotically unbiased and is robust to large
amounts of censoring. A bootstrap simulation method was introduced for estimating uncertainty in
statistics such as the mean that are estimated from censored data. Test cases with a synthetic data set
containing 0%, 30%, and 60% censoring to which both gamma and lognormal distributions were fit
indicated that robust estimates can be obtained for the mean and for the 95 percent confidence interval
of the mean even for as much as 60% censoring. Based upon the positive results from evaluation of the
method on a synthetic data set, the method was applied to an empirical data set for an arsenic emission
factor that contained three non-detected values, each with its own detection limit. The results from the
arsenic emission factor data set illustrate the importance of using a method that does not impose
normality assumptions on the estimate of uncertainty in the mean. The assymmetry of the uncertainty
estimate appropriately reflects the large amount of variability in the data, the relatively small sample
size, and that an emission factor must be non-negative. It isrecommended that the MLE and bootstrap
methods described here be tested more systematically on alarger number of synthetic data setsin order
to characterize the robustness of the method when there are varying sample sizes, different ranges of
variability in the data, different amounts of censoring, and different parametric distributions (e.g.,
lognormal, gamma, Weibull). After more thoroughly demonstrating and verifying the method, the
method can and should be applied to empirical data setsin place of ssmplified biased methods in order to
obtain unbiased estimates of the mean and regarding uncertainty in the mean.
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